We study the response of high-critical current proximity Josephson junctions to a microwave excitation. Electron over-heating in such devices is known to create hysteretic dc voltage-current characteristics. Here we demonstrate that it also strongly influences the ac response. The interplay of electron over-heating and ac Josephson dynamics is revealed by the evolution of the Shapiro steps with the microwave drive amplitude. Extending the Resistively Shunted Josephson junction model by including a thermal balance for the electronic bath coupled to phonons, a strong electron over-heating is obtained.
We study the response of high-critical current proximity Josephson junctions to a microwave excitation. Electron over-heating in such devices is known to create hysteretic dc voltage-current characteristics. Here we demonstrate that it also strongly influences the ac response. The interplay of electron over-heating and ac Josephson dynamics is revealed by the evolution of the Shapiro steps with the microwave drive amplitude. Extending the Resistively Shunted Josephson junction model by including a thermal balance for the electronic bath coupled to phonons, a strong electron over-heating is obtained.
A normal metal (N) coupled to two superconducting electrodes (S) constitutes a Josephson junction, that is, a device capable of sustaining a dissipationless supercurrent [1] [2] [3] . The small normal state resistance and leadto-lead capacitance of SNS junctions make these strongly overdamped in the RCSJ model [1] , meaning that the quantum phase dynamics is intrinsically non-hysteretic. Still, hysteresis is observed in the voltage-current (V -I) characteristics of high-critical current SNS junctions due to electronic over-heating associated to the sudden onset of dissipation when the bias exceeds the critical current [4] . Besides, under a microwave excitation at frequency ν, the junction characteristics display voltage plateaus at V n = nhν/2e with n an integer [5] . These so-called Shapiro steps are due to the phase-locking of the supercurrent oscillations at the Josephson frequency 2eV /h to the microwave. Shapiro steps have been frequently used for studying the phase dynamics of a variety of Josephson junctions [6] [7] [8] [9] [10] . This includes in particular junctions based on novel materials [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] where the absence of odd steps can be the signature of topological transport. Still, the interplay between the electron over-heating and the ac Josephson dynamics has been so far overlooked.
In this paper, we discuss the response of high-critical current proximity Josephson junctions to a microwave excitation. We demonstrate the prominent role of electronic over-heating in the Shapiro steps map. Low-index steps can be masked by the switching to the resistive state. A simple model explains this behavior as well as the observation of a sharp discontinuity in the measured critical current when the ac current is increased.
We have fabricated Nb-Au-Nb junctions using a lift-off lithography technique based on an Al-Mo metallic bilayer as a shadow mask [22] , which avoids the deterioration of Nb superconducting properties by organic contamination. Conventional e-beam lithography, followed by a dry etch of the Mo top layer and a wet etch of the Al bottom layer, produces a locally suspended Mo mask. A shadow evaporation of Au (N island) and Nb (S leads) is performed through this mask at opposite angles. The edge roughness of the structures (see Fig. 1c inset) arises from the granularity of the Mo mask. The junctions were all about 210 nm wide, the separation between the Nb electrodes ranging from 180 to 500 nm, while the Au part was about 200 nm longer in order to ensure a good overlap with each electrode. The normal-state resistance of the junctions can be related to a diffusion constant D in Au of about 100 cm 2 /s. The critical temperature of the Nb electrodes is 8.5 K. Table 1 lists the main device parameters for the different junctions investigated.
Transport measurements were performed at temperatures down to 100 mK. Fig. 1a-b show V-I characteristics of a typical sample. At low temperature, a strong superconducting branch is observed (Fig. 1a) , with a large critical current I c exceeding 100 µA. This is achieved owing to the short length of the Au bridge and the high interface transparencies. Above I c , the V-I characteristic switches to the ohmic branch, characterized by the normal-state resistance R N . When the current is lowered again, the V -I characteristic remains on the ohmic branch down to the so-called retrapping current I r < I c . This pronounced hysteretic behaviour is of thermal origin and is typical of SNS junctions with a large critical current density [4] . The retrapping current can be roughly thought of as the value of the critical current at a biasdependent, higher electronic temperature T * , determined by the thermal balance between the dissipated Joule heat and the coupling to the phonon bath. Conversely, T * is also the temperature scale above which I r and I c merge (see Fig. 1c ) and the behavior of the junction becomes non-hysteretic (Fig. 1b) .
The temperature dependence of the critical current is displayed in Fig. 1c . The properties of long SNS junctions depend only little on the superconducting electrodes' energy gap ∆, but are mainly governed by the normal island's Thouless energy [2, 8] 
where D is the diffusion constant and L the length of N. Within the Usadel equations framework and assuming k B T > E Th , the critical current I c follows [23] :
(1) Here the phenomenological parameter η < 1 describes a reduction in the critical current related, for instance, to non-ideal interfaces. A very good fit to the data is obtained in all devices, with η always exceeding 0.6, see Table 1. The effective length L eff = hD/E Th associated to the fit Thouless energy E fit Th exceeds the mere separation L between the electrodes. It should indeed include about twice the superconducting coherence length since Andreev reflections take place in S over such a length [23] . The dependence of the critical current on a perpendicular magnetic field (Fig. 1d) shows both a quasi-gaussian monotonic decay associated to dephasing and a oscillatory part arising from interference effects [24, 25] .
We now turn to the effect of a microwave excitation on the V-I characteristics. Microwave signals in the frequency range 1 to 26 GHz and with a power P µ were applied to the shielded cavity containing the sample. As the impedance of our samples is small compared to the estimated line impedance at high frequency, the samples are still current-biased in the microwave regime. The color map of Fig. 2a shows the differential resistance dV /dI (obtained by numerical derivation) as a function of the dc bias current I and the microwave current I µ ∝ P 1/2 µ at a frequency ν = 6 GHz. The supercurrent branch and the Shapiro steps (up to an index exceeding 10) appear as dark regions, with zero differential resistance. At large excitation amplitudes, Fig. 2a map is symmetric in I and the Shapiro steps' widths oscillate with the microwave excitation amplitude, producing a well-known pattern [1] . At small microwave current I µ , the hysteresis appears through the asymmetry of the map with respect to I. Strikingly, several low-index steps do not appear in the (positive) current branch corresponding to a current increasing from zero to above the critical current I c . Individual V-I characteristics clearly demonstrate (Fig. 2b-d ) that the absence of these steps stems from the voltage directly jumping from zero up to about R N I c , which corresponds to the ohmic branch. Steps corresponding to voltages below R N I c thus cannot be detected. This behavior here is clearly distinct from the discussion of recent experiments on Josephson junctions based on topological insulators, in which odd-index Shapiro steps are predicted to be absent.
Let us now consider the behavior of the critical current as a function of the microwave current amplitude I µ . In a current bias picture, the microwave irradiation adds adiabatically an oscillatory excursion I µ to the bias current I, so that the current oscillates between I − I µ and I + I µ [9] . In a quasi-static regime, switching to the resistive state then occurs at a lower critical current I c − I µ . Once the junction has switched, it remains in the resistive state due to hysteresis. One expects therefore a linear suppression of I c with increasing I µ , as seen in Fig. 2a . We attribute the slight downward deviation from linear behavior to a small increase in the electronic temperature at high microwave power. On the retrapping branch, a similar decay of the retrapping current I r with the microwave current I µ is observed.
In order to provide a quantitative description, we need to consider the energy relaxation from the normal metal electronic population. In the present temperature range, electron-phonon scattering is the dominant mechanism. The related coupling power between electrons at a temperature T e and phonons at a temperature T ph is P e−ph = ΣU (T pling constant and U is the metal volume. Considering a retrapping temperature T * of 1 to 3 K, the related rate τ −1 e−ph ≈ 0.16×T
3 GHz in Au [26] is in the low GHz range (≈ 0.4 GHz in J2 at T * = 1.4 K for instance). In most of the frequency range investigated here, the thermal relaxation is thus slow compared to the microwave (τ −1 e−ph < ν) so that the electronic temperature can be considered as almost constant with time at a given (I,I µ ) bias point.
We consider a Resistively Shunted Junction (RSJ) model [1] with a current bias. The time-dependent current i(t) = I + I µ sin(2πνt) through the junction is considered as the sum of the ohmic current v/R and the Josephson current I c sin ϕ, where ϕ is the phase difference across the junction:
The time-dependent voltage v relates to the timederivative of the phase as v(t) =hφ/2e from the second Josephson relation. From Eq. (2), the phase dynamics can be modeled as that of a massless particle of position ϕ in a tilted washboard potential U (ϕ) = −h[I c cos ϕ+i(t)]/2e. The potential slope is proportional to the current bias i(t): its average is thus determined by I and it oscillates with an amplitude given by I µ . For large enough I or I µ , the particle rolls down the slope. The Shapiro steps at voltage values V n = n hν/2e correspond to the particle hopping down by n minima during one microwave period. We can write the instantaneous Joule power:
The first term relates to the change in the Josephson energy. It is zero in average and does not contribute to the average power P dissipated over one cycle. Only the second term, which is the Joule power across the junction resistance, dissipates. It can be non-zero in average even though the average voltage V is zero. At this point, we now introduce a heat balance where the dissipated power P is balanced by the electronphonon coupling power P e−ph . The related temperature elevation acts on the phase dynamics through the temperature dependence of the critical current following Eq.
(1). Using Eqs. (2) and (3) and taking the volume U as a free parameter, we have numerically calculated the timedependence of the phase, the dissipated power and the ensuing electronic temperature T e for every (I,I µ ) bias point, which gives access to the related dc voltage drop V . Fig. 2e shows the calculated differential resistance for device J2's parameters. For the best fit, the volume U was chosen as 10 times the physical volume. This can be explained by both the inverse proximity effect in the leads in the vicinity of the N-S interface and the thermal conductance of the leads between the N island and the N metal regions of the leads. A semi-quantitative agreement for the differential resistance between Fig. 2a and 2e is readily seen.
The associated temperature map of Fig. 3a highlights the importance of dissipation in the ac phase dynamics in SNS junctions. Strikingly, the electronic temperature varies significantly as a function of the microwave current bias: the temperature increases from the bath temperature of 0.1 K up to above 2 K. On the first Shapiro step, the temperature is already of about 1 K. Even for zero dc current I and hence zero average voltage V , electrons in N are significantly overheated at large microwave drives, see Fig. 3a inset. The Shapiro steps structure appears also on the temperature map, as can be seen in Fig. 3a and more clearly in Fig. 3b as wiggles in every curve, especially the curve (2) .
Both the data (Fig. 2a ) and the calculations (Fig. 2e ) exhibit a sudden drop of the critical current I c as the retrapping current I r approaches zero at a microwave current I µ = I * (of about 0.04 in Fig. 2a ). As shown in Fig. 3a inset, the microwave amplitude I µ at this point is approximately equal to the critical current I c (T e ) at the electronic temperature at zero bias, so that no supercurrent can be established due to the electronic overheating at this point of the V-I characteristics. The numerical solution of the phase dynamics illustrates this precisely: while at an ac drive below I * the particle oscillates in a single washboard valley, above I * it hops back and forth between two valleys [27] . Let us note that this feature would not appear if the microwave amplitude would be swept at a fixed (and low) dc bias current.
We have obtained a good agreement between experiment and calculation at every investigated microwave frequency up to 26 GHz. At higher frequency, as dissipation increases with excitation frequency ν as ν 2 , the electron over-heating is much increased in the superconducting state (V = 0). The two currents I c (I µ ) and I r (I µ ) are thus seen to merge before I r approaches zero [27] and no discontinuity is observed.
The interplay of electron over-heating and ac Josephson dynamics discussed here is prominent in junctions that are hysteretic in dc. Indeed, when driving our same devices to non-hysteretic conditions, either by applying a magnetic field (Fig. 4a) or increasing the temperature (Fig. 4b) , the usual Shapiro pattern is recovered [1] . This is evidenced by the good agreement of the width of the n = 0 step with the standard Bessel function expression (white dotted lines in Fig. 4a and b) . The crossover between the overheating regime and the isothermal be- haviors depends not only on the junction critical current amplitude but also on the coupling to the thermal bath.
In summary, we have evidenced that electron overheating is of paramount influence in the microwave response of Josephson junctions. Exploring the microwave response of Josephson junctions involves variable electronic temperatures, which is of uttermost importance for the complete analysis of devices based on new materials like topological conductors.
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Supplemental Materials: Interplay Between Electron Over-Heating and ac Josephson Effect
In this supplemental materials part, we provide some more details about the numerical calculation of the differential resistance map under microwave irradiation, as well as the calculation results supporting the explanation for the discontinuity observed in the differential resistance map. We also discuss additional experimental data obtained at different values of the microwave frequency.
NUMERICAL CALCULATIONS
Our model is an extension of the RSJ model with the temperature dependence of the critical current (Eq. (1) of the main text), the electronic temperature T e in N being governed by the thermal balance between the Joule power and the coupling to phonons. We here neglect other heat transport channels out of N, which will eventually lead to a somewhat lower temperature.
A sharp discontinuity in the differential conductance map at 6 GHz is described in the main text, see Fig. 2 of the main paper. Fig. S1 shows both a zoom of the map and the time-dependence of the phase at two points at the same dc current bias, but at an ac current signal amplitude just below and above the threshold. While the mean voltage is zero in every case, the phase's excursion is larger in amplitude at larger ac signal. It exceeds 2π in the latter case, meaning that the effective particle travels over two neighboring minima of the potential landscape. The related dissipation makes the electronic temperature rise and the effective critical current drop, resulting in a sharp change in the differential conductance map.
The agreement with experimental data at the same frequency is remarkable at every microwave frequency investigated. Fig. 2 in the main paper displays data and calculation at 6 GHz, while Here we also provide the map of the temperature derivative with respect to the current bias, see Fig. S4 . This plot highlights the appearance in the temperature map of the Shapiro steps structure.
BEHAVIOR AT HIGHER FREQUENCY
In the higher frequency regime, we observe the appearance of fractional Shapiro steps at voltages V n,m = (n/m) hν/2e, where n and m are integers. This appears as thin zero-differential resistance regions at intermediate positions compared to the integer steps in Fig. S3a , and short steps in Fig. S3b-d . Fractional Shapiro steps were already observed in similar devices [S1-S3] . Multiple Andreev Reflections as well as non-thermal out-of-equilibrium energy distribution function can contribute to this phenomena. As they are not included in our model, fractional steps are absent from the calculation results. At higher frequency, the dissipation at a given amplitude I µ is larger. The dominating effect of the microwave irradiation on the electronic population appears in Fig. S3 through the merging of the critical current and the retrapping current above an intermediate level of ac current bias I µ > 0.02. As a consequence, no discontinuity is observed in the differential resistance map. Still, the n = 1 step is missing at low microwave excitation. 
